In this article, we study group theoretical embedding properties of subgroups in central products of finite groups. Specifically, we give characterizations of normal, subnormal, and abnormal subgroups of a central product of two groups.
Preliminaries
In this article, we consider only finite groups. Our notation and terminology are standard, but we define terms and state lemma that are necessary to understand later information.
Let G be a group. We say G is simple if it has no normal subgroups other than itself and the trivial subgroup. For elements a, b ∈ G, we write a b = b −1 ab. The commutator of a and b, [a, b] , is given by a −1 a b . For A, B ≤ G, [A, B] will denote the subgroup generated by all the commutators [a, b] where a ∈ A and b ∈ B. We define [a 1 , a 2 , a 3 ] = [[a 1 , a 2 ], a 3 ] and define commutators of n elements recursively where [a 1 , a 2 , . . . , a n ] = [[a 1 , a 2 , ...a n−1 ]a n ] for a i in a group G, for all i ∈ N, i ≤ n. The center of a group G is Z(G) = {g ∈ G : gx = xg, ∀x ∈ G}. The derived series of a group G is the series Proof. See [5] .
Whenever we discuss direct products, they will be viewed externally unless otherwise stated. Let U 1 and U 2 be groups and consider the direct product U 1 × U 2 . The maps π i : U 1 × U 2 → U i given by π i ((u 1 , u 2 )) = u i for i = 1, 2 are standard projections. U 1 = {(u 1 , 1) : u 1 ∈ U 1 } and U 2 = {(1, u 2 ) : u 2 ∈ U 2 }, where U i is a subgroup of U 1 × U 2 for i = 1, 2.
The following lemma is utilized throughout this article, and it provides us with a one-to-one correspondence between normal subgroups. This result can be found in abstract algebra textbooks such as [6] and [9] and follows from the classical Lattice Isomorphism Theorem. Proof. See [9] . Remark 2.3. Let φ : G → H be a group epimorphism, and let W ≤ H. For the remainder of this article, under such an epimorphism φ, we will assume that ker φ ≤ φ −1 (W ), where φ −1 (W ) is the preimage of W .
Central Products
Central products have historical been useful for the characterization of extra special groups. All extra special groups of order p 2n+1 for some n can always be written as a central product of some extra special groups of order p 3 [10] . We will adopt the definition and notation for central products presented in [5] :
This definition is standard as can be seen in [10] , and observe that it implies that U i ✂ G for i = 1, 2 and
The following lemma serves as a powerful tool for proving results because it establishes the relationship between central products and direct products, subgroups of the latter being well understood.
Then the following are equivalent:
(ii) There exists an epimorphism ε : D → G such that ε(U 1 ) = U 1 and ε(U 2 ) = U 2 . Remark 3.3. Throughout this article we will view central products internally wherever it is sensible. When we discuss external central products, we will do so as is described in the following construction: (ii) U 1 ∩ U 2 = A i N/N ∼ = A, where
The external central product D/N as constructed above is isomorphic to the internal central product G = U 1 U 2 where U i ∼ = V i for i = 1, 2. We now show that φ : D/N → G given by φ((a, b)N ) = ab is well defined but leave it to the reader to prove φ an isomorphism.
Well defined:
Then because the identity maps to the identity,
2 )u 2 However, elements of U 2 commute with elements of U 1 , which yields
Internal central products are unique because G = U 1 U 2 is determined by the choice of subgroups U 1 and U 2 of G. However, external central products are not unique because the construction depends on the choice of monomorphisms µ 1 and µ 2 .
Let us develop an intuition for the construction of an external central product via an example that we will return to in later sections. 
We use 3.4 to construct D 8 • C 4 , a central product of D 8 and C 4 which is a group of order 16.
Then we define the monomorphisms
by µ 1 as the identity map and 
Note that because of the isomorphism between the internal and external presentation of a central product, we know that we may also write this group as
Remark 3.6. All results characterizing subgroups of central products in the remaining sections will be stated for internal central products. It is important to note that all results will apply to external central products due to the isomorphism between internal and external central products.
Normal Subgroups of Central Products
We aim to characterize normal subgroups of a central product of two groups. 3.2 allows us to define the central products of groups U 1 and U 2 by an epimorphism from
We begin with a lemma from [1] that characterizes normal subgroups of a direct product and serves as the inspiration for our characterization.
In 3.2, an epimorphism between direct products and central products was established to give an alternate and more useful way of viewing central products. Given an epimorphism, we know by 2.2 that there is a one-to-one correspondence between normal subgroups of a domain which contain the kernel and normal subgroups of the codomain. This serves as a motivation for the following result.
Proof. By 3.2, an epimorphism ε : D → G exists. Since there is a one-to-one correspondence between the set S ε (D) = {K ≤ D : ker ε ≤ K} and S(G), the set of all subgroups of G, we know for any normal subgroup of D containing ker ε, its image is a normal subgroup of G. That is,
The following diagram demonstrates the relationship established in 4.2 between normal subgroups of U 1 U 2 and the normal subgroups of U 1 × U 2 containing the ker ε: To further characterize normal subgroups of the central product U 1 U 2 , we can generalized 4.1. This generalization provides an efficient way to find normal subgroups of U 1 U 2 and can be easily implemented in computer algebra systems such as GAP or Sage.
Let h ∈ H and g ∈ G, and consider h g . Because G is an internal central product, we can write g = u 1 u 2 for some u 1 ∈ U 1 and u 2 ∈ U 2 . Therefore,
In the following diagram we give a visual representation of 4.3.
The following theorem provides a summary of our results shown in this section. 
Note that (ii) ⇐⇒ (iii) is a direct application of 4.1. 
Subnormal Subgroups of Central Products
Our next goal is to characterize subnormal subgroups of central products. We use the following definition of subnormal from [5] with adjusted notation. 
This is called a subnormal chain from H to G. If such a chain is the minimal possible chain from H to G, we say that the subnormal subgroup is of defect r.
Subnormal subgroups were completely characterized in direct products by Hauck in [8] ; in the following theorems, we adopt, with some modifications, the notation for this classification as it is presented in [1] .
of defect r) if and only if
In order to classify subnormal subgroups of central products, we seek a correspondence theorem similar to 2.2 in order to establish a relationship between subnormal subgroups of the direct product of two groups and subnormal subgroups of a central product of two groups. We do so using the following proposition. Proof. To show that subnormal subgroups correspond to subnormal subgroups under the bijection between S f (G) and S(H), it suffices to show that for U, V ∈ S f (G), V ✂ U if and only if f (V ) ✂ f (U ). To prove this, we construct an epimorphism φ : U → f (U ) given by φ(u) = f (u) for all u ∈ U .
φ is a homomorphism:
φ is surjective: Let x ∈ f (U ). Then x = f (u) for some u ∈ U , but φ(u) = f (u) = x, so φ is onto and is therefore an epimorphism. Now we wish to show that ker φ = ker f . Let a ∈ ker φ. Then φ(a) = f (a) = 1, so ker φ ⊆ ker f . Similarly, because ker f ≤ U , we have that if b ∈ ker f , then f (b) = φ(b) = 1; hence, ker f ⊆ ker φ and we have equality, as desired. Now, by 2.2, we know that there exists a one-to-one correspondence between subgroups of U containing ker φ = ker f and subgroups f (U ) such that normal subgroups correspond to normal subgroups. Then ker f ≤ V ✂ U ≤ G if and only if f (V ) ✂ f (U ). Now we wish to apply this result to a chain of normal subgroups to prove the desired theorem. For Proof. We know by 3.2 that for any central product G there exists an epimorphism ε : D → G such that ε(U i ) = U i . By 5.3, we know that ε gives rise to a one-to-one correspondence between the set of subnormal subgroups of D which contain ker ε and the set of subnormal subgroups of G. Therefore, H sn G if and only ε −1 (H) sn D as desired.
Naturally, the next question was whether we can further characterize subnormal subgroups in a way that would be useful for computations. In the following result, we provide a characterization of subnormal subgroups for central products which could be implemented in GAP or Sage. r r r r r r r r r r r sn ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ U i ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ H r r r r r r r r r r r The following theorem provides a summary of our results shown in this section. (ii) ε −1 (H) sn D of defect less than or equal to r.
Proof. For ease of notation set
Because ε is a homomorphism, we know that
Additionally, since ε is onto, ε( 
Abnormal Subgroups of Central Products
Our final goal is to characterize abnormal subgroups of central products of two groups. Abnormal subgroups were originally studied due to their connection to the classification of finite groups because the normalizer of any Sylow subgroup of a group is always abnormal. The normalizer of an abnormal subgroup of a group G is as small as possibe, namely, the subgroup itself; in contrast, the normalizer of a normal subgroup is large as possible, namely the whole group G. In fact, in the context of maximal subgroups, normal and abnormal subgroups are precisely opposites; that is, a maximal subgroup is abnormal if and only if it is not normal.
We begin this section by presenting some technical lemmas.
Since ε is an epimorphism, there exists a y ∈ D such that ε(y) = x. Furthermore, for a i , b i ∈ G, there exists
We present the formal definition of abnormal subgroups from [5] .
If H abn G, we have the following properties. [5] (
Example 6.4. Let G be a group. Define the diagonal subgroup of G × G as ∆ = {(g, g) : g ∈ G} and note that ∆ ∼ = G. Consider A 5 , the alternating group of degree of five, which is a classic example of a simple, nonsolvable group. We know by [11] that G is simple if and only if ∆ is maximal in G × G. Therefore, ∆ is maximal in A 5 × A 5 . Notice that ∆ abn A 5 × A 5 because ∆ is maximal and not normal in A 5 × A 5 .
In [2] , abnormal subgroups were characterized for direct products of two groups, where one of the direct factors is solvable. We present this result in the following lemma.
Note that the above theorem only applies when either U 1 or U 2 is solvable. To see why this theorem does not apply for more general direct products of finite groups, consider the following example. Example 6.6. In A 5 , one cannot write ∆ as a product of two subgroups. Therefore, one can see that 6.5 does not apply for direct products of general finite simple groups.
In order to classify abnormal subgroups of central products, we seek a correspondence theorem similar to 2.2 and 5.3 in order to establish a relationship between abnormal subgroups of the direct product of two groups and abnormal subgroups of a central product of two groups. We do so using the following proposition. Proof. For ease of notation, define K = ε −1 (H). Let K abn D. Then x ∈ K, K x ∀x ∈ D. This implies that ε(x) ∈ ε(K), ε(K) ε(x) . Because ε is an epimorphism, ε(D) = G and, without loss of generality, ε(x) corresponds to an arbitrary element y of G. Therefore, y ∈ H, H y ∀y ∈ G and H abn G. Now suppose that H abn G. Then g ∈ H, H g ∀g ∈ G. Because ε is surjective, we know that there exists some d ∈ D such that ε(d) = g; therefore, d is also contained in ε −1 ( H, H g ). By 6.2
To further characterize abnormal subgroups of the central product U 1 U 2 , we can generalize 6.5. This generalization provides an efficient way to find abnormal subgroups of U 1 U 2 and can be easily implemented in computer algebra systems such as GAP or Sage. : Note H must be abnormal in G for accuracy. As shown, H must be able to be written as a central product of V 1 and V 2 where V i is an abnormal subgroup U i for i = 1, 2. Lines without arrowheads indicate subgroup containment with smaller groups below the groups in which they are contained.
Note for this result about abnormal subgroups of central products of two groups, solvability is still required.
Future Work 8 Acknowledgments

